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The dissipative harmonic oscillator has two representations. In the first representation the central
oscillator couples with its position to an oscillator bath. In the second one it couples with its
momentum to the bath. Both representations are related by a unitary transformation. If the
central oscillator couples with its position and momentum to two independent baths, no such unitary
transformation exists. We discuss two possible models of this type and their physical relevance.
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The Hamiltonian of the harmonic oscillator with mass
m and frequency ω0 is characteristically symmetric in po-
sition and momentum. On the other hand, the dissipa-
tive harmonic oscillator serves as an example of quantum
dissipation induced by a gauge field. Let us assume local
U(1) gauge invariance, requiring expectation values to
be invariant under the gauge transformation of the wave
function ψ(q) → exp[iΛ(q)]ψ(q). This is achieved by in-
troducing a gauge field A(q) which transforms as A(q)→
A(q)− ∂qΛ(q). The kinematic momentum
p→ p+A(q) (1)
is gauge invariant. The gauge field A might be decom-
posed into normal modes and be quantized (hereafter
h¯ = 1)
Aˆ = i
∑
k
λk
ωk
(
aˆke
ikq − aˆ†ke−ikq
)
, (2)
where aˆk and aˆ
†
k are bosonic creation and annihilation
operators of modes with frequency ωk. The parameters
λk characterize the strength of the coupling of the gauge
field to matter. The resulting Hamiltonian reads
Hˆ =
1
2m
[
pˆ+ Aˆ(q)
]2
+
mω20
2
qˆ2 +
∑
k
ωkaˆ
†
kaˆk , (3)
with the gauge field minimally coupled to the canonical
momentum. In the form (3) the canonical momentum pˆ
and the gauge potential Aˆ appear as dynamical variables
and both quantities are gauge dependent.
We consider in the following the long wavelength ap-
proximation k → 0. The space dependence disappears
eikq ≃ 1 and
Aˆ =
∑
k
i
λk
ωk
(aˆk − aˆ†k). (4)
A unitary transformation Uˆ = exp
(
iAˆ qˆ
)
can be applied
on Hˆ. This is the so-called polaron or Go¨ppert–Mayer
transformation [1]. It brings the Hamiltonian into the
standard form of the dissipative harmonic oscillator
Hˆ ′ =
pˆ2
2m
+
mω20
2
qˆ2 +
∑
k
ωk
∣∣∣∣aˆk + λkωk qˆ
∣∣∣∣2 . (5)
This Hamiltonian was studied first in [2] and later by
many others, see [3, 4] and references therein [5, 6]. For
an arbitrary operator Oˆ we use the short–hand notation
|Oˆ|2 = Oˆ†Oˆ. Now p is the kinematic (gauge invariant)
momentum, which in this particular gauge coincides with
the (generally gauge-dependent) canonical momentum,
and the particle couples via its position to the modes of
the gauge field. Thus a specific implementation of quan-
tum dissipation can be derived from a U(1) gauge invari-
ance principle. However, in the presence of the gauge
field, the q–p symmetry under exchange of position and
momentum is broken, the reason being that we assumed
gauge invariance which is local in position but not in
momentum.
Some authors [7, 8] considered as well a Hamiltonian
similar to (5), where the oscillator bath couples linearly
to the momentum
Hˆ ′′ =
pˆ2
2m
+
mω20
2
qˆ2 +
∑
k
ωk
∣∣∣∣aˆk + λkωk pˆ
∣∣∣∣2 . (6)
Albeit their formal similarity the physics described by
Hˆ ′′ and Hˆ ′ is quite different. We emphasize that Hˆ ′′
is inequivalent to Hˆ (in the sense of not being related
by a unitary transformation), even with Aˆ as in Eq. (4)
although in both Hamiltonians the oscillator bath couples
to the momentum. For the coupling to an oscillator bath
as implemented in Hˆ ′′ the term “anomalous dissipation”
was coined [7].
Recently a certain class of dissipative quantum systems
has aroused interest, where the system couples to two
heat baths through non-commuting variables [9–15]. In
Refs. [9, 10, 15] a spin was considered which couples to
two independent oscillator baths. In Refs. [11, 12, 14] the
dissipative harmonic oscillator with two competing heat
2baths was investigated. The model was described by the
Hamiltonian
HˆI =
ωq
2
qˆ2 +
∑
k
ωk
∣∣∣∣aˆk + λkωk qˆ
∣∣∣∣2 +
ωp
2
pˆ2 +
∑
l
νl
∣∣∣∣bˆl + µlνl pˆ
∣∣∣∣2 , (7)
which combines both the conventional coupling of Hˆ ′ and
the anomalous coupling of Hˆ ′′. Such a Hamiltonian can
be found in real physical situations [14, 16]. Here aˆ†k and
bˆ†k are bosonic creation operators of two independent heat
baths (bath A and bath B). The frequency of the central
oscillator is given by ω0 =
√
ωpωq. In this model the q–p
symmetry under exchange of position and momentum is
reestablished, when ωp = ωq and the coupling coefficients
are identical.
It is tempting to motivate the model (7) by a gauge
argument as outlined above for the standard dissipative
harmonic oscillator and leading to the equivalence of (3)
and (5). A second “gauge field” Bˆ is introduced which
couples to the position. The most symmetric and most
canonical form to introduce this field is via the Hamilto-
nian
HˆII =
ωp
2
(
pˆ+ Aˆ
)2
+
ωq
2
(
qˆ + Bˆ
)2
+∑
k
ωkaˆ
†
kaˆk +
∑
l
νlbˆ
†
l bˆl , (8)
where in the long wavelength approximation Bˆ is given
by Bˆ = i
∑
l
µl
νl
(bˆl − bˆ†l ). However, the Hamiltonians HˆI
and HˆII are not equivalent in the sense that they can-
not be transformed into each other through a canonical
transformation. As a consequence, the claim made in
Refs. [11, 12, 16] that HI and HII are unitarily equiva-
lent is inaccurate. The analysis there performed corre-
sponds to the HI model, for which a physical realization
was found [16]. The subsequent analysis of the Hamil-
tonian (7) is correct and the results in Refs. 11, 12, 16
remain unaffected.
One might naively argue that the Hamiltonian HˆI can
be transformed into HˆII by the coordinate transformation
qˆII = qˆI − BˆI, pˆII = pˆI − AˆI, aˆk,II = aˆk,I + λk qˆI/ωk,
and bˆl,II = bˆl,I + µlqˆI/νl, where the lower indices I and
II refer to the corresponding Hamiltonians. But, since
bˆl,II and aˆk,II, as obtained by this transformation, do not
commute, this transformation is not canonical.
To see this even more clearly one can diagonalize both
Hamiltonians and verify that their spectra are differ-
ent. We define the characteristic polynomial χ−1I,II(ω) =
det
(
ω −H(I,II)). Here H(I,II) is the matrix which gov-
erns the time evolution of the vector whose components
are the creation and annihilation operators appearing in
the Hamiltonian HˆI (defined as model I in the following)
respectively in HˆII (defined as model II in the following).
The frequencies of the normal modes are given by the
positive roots of the characteristic equation χ−1I,II(ω) = 0.
Diagonalising H(II) yields
χ−1II (ω) = ω
2
0 −
[
ω +
ωq
ω
J˜p(ω)
] [
ω +
ωp
ω
J˜q(ω)
]
, (9)
where we have defined the spectral functions
Jq(ω) ≡ 2
∑
k
|λk|2δ(ω − ωk)
Jp(ω) ≡ 2
∑
l
|µl|2δ(ω − νl) (10)
and, as in [12], the Riemann-Stieltjes integral transform
f˜(ω) ≡ ω2P
∫ ∞
0
f(ω′)
ω′
(
ω′2 − ω2)dω′ − isgn (ω)pi2 f(|ω|) .
(11)
has been introduced. On the other hand, for model I it
was found (see [12])
χ−1I (ω) =
[
ωq − J˜q(ω)
] [
ωp − J˜p(ω)
]
− ω2 . (12)
Comparison of Eqs. (9) and (12) shows that the char-
acteristic polynomials and therefore the spectra of both
models are in general different. Importantly, they be-
come identical if Jq(ω) or Jp(ω) vanishes.
The question of which of the Hamiltonians HˆI or HˆII
is physically relevant has to be answered in favor of the
Hamiltonian HˆI as given in Eq. (7). As already men-
tioned above, one example for a physical realisation of
HˆI was found in [16]: In a Josephson junction the sys-
tem which is represented by the particle number differ-
ence and the phase difference across the junction couples
to two independent environments given by the bosonic
exitations of quasiparticle tunnelling across the junction
and by the electromagnetic vacuum modes. It was shown
that the corresponding Hamiltonian has the form of HˆI.
Another example was given recently by Cuccoli and
coworkers for spin Hamiltonians [14, 17]. Spin opera-
tors can often be treated as ordinary canonical variables.
Then an environmental coupling typically involves both
the coordinates and the momenta in a symmetric fashion,
with no privileged role. This has been shown in Ref. [17]
for the case of the easy-axis XXZ magnet.
Although so far it seems to have no direct physical
application, it is still interesting to analyze model II as
given in Eq. (8). In this brief report we therefore calcu-
late the equilibrium correlation function of Qˆ ≡ qˆ+ Bˆ in
model II and compare it with the equilibrium correlation
function of qˆ in model I. Our goal is to see if and to what
extent the physics of both models is different.
The Heisenberg equations for the bath modes can be
solved. Plugging the results into the Heisenberg equa-
3tions for Qˆ and Pˆ ≡ pˆ+ Aˆ yields
˙ˆ
Q (t) = ωpPˆ (t) − ωq
t∫
−∞
dsKq(t− s)Qˆ(s) + Fˆq(t)
˙ˆ
P (t) = −ωqQˆ(t)− ωp
t∫
−∞
dsKp(t− s)Pˆ (s) + Fˆp(t).
(13)
The response kernel is defined as
Kn(t) ≡
∫ ∞
0
Jn(ω)
ω
cos(ωt)dω , n = q, p . (14)
We defined the force operator
Fˆq(t) =
∑
λkaˆk exp(−iωkt) + H.c , (15)
with Fˆp(t) defined accordingly. In Fourier space the
Heisenberg equations (13) read
ωqQˆ+
[
iω − ωp
iω
J˜q(ω)
]
Pˆ = Fˆq(ω)[
iω − ωq
iω
J˜p(ω)
]
Qˆ− ωpPˆ = Fˆp(ω) . (16)
The equilibrium correlation function C
(II)
qq (t, β) ≡
1
2 〈{Qˆ(t), Qˆ(0)}〉β is obtained from equation (16) after
Fourier transformation, namely,
C(II)qq (t, β) =
1
pi
∫ ∞
0
dω|χII(ω)|2 cos(ωt) coth(βω/2)[
γpω
2
0(1 + γqγp)ω + γqω
3
]
. (17)
In the following we set ωp = ωq = ω0. Moreover we
focus on the case of Ohmic damping and set J˜q(ω) =
iγqω and J˜p(ω) = iγpω, where γq > 0 and γp > 0. The
poles of the suceptibility lie at
ω
(II)
±
ω0
= −iγq + γp
2
±
√
1−
(
γq − γp
2
)2
. (18)
It is seen that at the symmetric point γq = γp ≡ γ the
real part of the poles is just the oscillator frequency ω0.
In other words, the frequency remains unchanged by the
coupling to the baths. No transition to overdamped os-
cillations can occur. We can compare this with the poles
ω
(I)
± for model I (see Eq. (11) of Ref. [12]). We find the
simple relation ω
(II)
± = (1+γqγp)ω
(I)
± . This indicates that
the main difference between both models is a dilatation
of the time scale by a factor s = (1+ γqγp) in model I as
compared to model II. It is seen that when either γq = 0
or γp = 0 the poles of both models are the same.
Expression (17) can be compared with the correspond-
ing one for model I : C
(I)
qq (t, β) ≡ 12 〈{qˆ(t), qˆ(0)}〉β . We
find the remarkable relation
C(II)qq (t/s, β/s) = s
3C(I)qq (t, β) , (19)
which could have been expected from the scaling property
χII(sω) =
1
s
χI(ω) . (20)
This also means that the equilibrium mean square
〈
Qˆ2
〉
β
in model II is enhanced by a factor s3 compared with〈
qˆ2
〉
β
in model I. In the high temperature limit C
(I)
qq (t, β)
becomes simple (see Eq.(22) of Ref.[12]). At the symmet-
ric point γq = γp ≡ γ and at temperature zero (β →∞)
it is given by
C(I)qq (t) ∝
1
s2
cos (ω0t/s) exp (−ω0γ|t|/s) , (21)
and therefore
C(II)qq (t) ∝ cos (ω0t) exp (−ω0γ|t|) . (22)
It seems that although the Hamiltonians HˆI and HˆII are
not unitarily equivalent they describe up to a time scale
factor similar physics.
In summary we compared two models for a dissipative
quantum system where a central oscillator couples with
position and momentum to two independent heat baths.
One model (model I) is physically well motivated and
has found by now applications in e.g. Josephson junc-
tions and magnetic systems. It has been studied before
in detail [11, 12, 14]. The other model (model II) has by
now no obvious physical application and its study seems
to be a merely academic exercise. A more detailed study
of this model will be in order if a realistic application for
it can be found.
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